Abstract. In this note, we study no-arbitrage conditions in a market with multiple risky assets and proportional transaction costs. We present a condition which is sufficient for the market to be arbitrage-free and investigate its properties. In particular, we provide examples of price processes that are not semimartingales but are consistent with absense of arbitrage.
In the setting of Guasoni [9] , the market contains one risk-free asset, used as a numeraire and hence assumed to be identically equal to 1, and d risky assets, given by an R d −valued process
that is cádlág (right-continuous with left limits), adapted, and quasi-leftcontinuous (i.e., Y i τ = Y i τ − , 1 ≤ i ≤ d, for all predictable stopping times τ ). Transaction costs are fully proportional in the sense that each cost is equal to the actual dollar amount being traded beyond the riskless asset, multiplied by a fixed constant: each unit of numeraire traded in the risky assets generates a transaction cost of k units that are charged to the riskless asset account. This is formalized in equation (1) below The presence of proportional transaction costs makes it impossible to follow trading strategies which behave like semimartingales, unlike in the standard framework which is free of costs associated to trading stocks. Following Guasoni [9] , we require that trading strategies be adapted, left-continuous, R d -valued processes θ = (θ 1 t , θ 2 t , · · · , θ d t ) that are of finite variation and satisfy the following admissibility condition, which is an a-priori lower bound on their value process V t (θ):
for some determistic M > 0 and all t ≥ 0. Here Dθ i is the derivative of θ i t in the sense of distributions, it is assumed to be a signed measure, and |Dθ i | t is the total variation measure associated to Dθ i in [0, t]. In (1), since θ is of finite variation, the stochastic integral notation t 0 θ i s dY i s is understood in a classical pathwise sense via integration by parts; see Definition 2.2 of Guasoni [9] for details. In (1), the term Definition 1. An admissible trading strategy θ is an arbitrage strategy if V t (θ) ≥ 0 and P (V t (θ) > 0) > 0 for some t > 0. We say that the market (1, Y 1 t , · · · , Y n t ) is arbitrage-free if there is no arbitrage strategy in this market. Remark 1. Because of Proposition 2.5 of Guasoni [9] and the quasi-left-continuity assumption on the price processes, the assumption of left-continuity of the trading strategies θ can be relaxed to predictablity.
In the case when there is only one risky asset, the model (1) reduces to
and the results on stickiness for a single stock in Guasoni [10] and Bayraktar and Sayit [1] are relevant to this model. As demonstrated in Guasoni [10] , the presence of liquidation costs kY t |θ t | in 2 gives more flexibility on the price processes: all the regular strong Markov processes and processes with full support do not admit arbitrage in this model. When there is no liquidation costs, stronger conditions than stickiness are needed and this is studied in the recent papers by Guasoni et al. [10, 11] and Bayraktar and Sayit [3] . In Guasoni et al. [10, 11] , conditional full support property of the asset price process was shown to be sufficient for absense of arbitrage in this case and in Bayraktar and Sayit [3] other sufficient conditions was discussed. Absense of arbitrage for non-semimartingales were also studied in the recent papers Cheridito [5] , Jarrow et al [12] , and Bayraktar and Sayit [2] in markets without transaction costs but with other types of frictions (in particular, when there are suitable restrictions on allowable trading strategies).
In this note we study no arbitrage conditions for the model (1). We define joint stickiness (see Definition 2) , and show that it is sufficient for the model (1) Proposition 1 below shows that joint stickiness, which we now define, is sufficient for the model
(1) to be arbitrage-free.
If τ = t almost surely, then the left-continuity of the paths and the definition of τ implies θ s = 0 on [0, t] for almost all ω. Thus V t (θ) = 0 almost surely and this contradicts the assumption P (V t (θ) > 0) > 0.
Therefore, we assume that the event A = {τ < t} has positive probability. Let
. We can write (1) as follows
) has postive probability for any ǫ > 0. Observe that on
. From (5) (6), and (7) we conclude that on A ǫ
almost surely on A (this follows from the definitions of A and τ ). Therefore, from (7) it follows that V t (θ) < 0 on A ǫ 1 ⊂ A whenever ǫ < ln(1 + k). This contradicts the assumption
The left equality of (9) follows from the independence of
The inequality follows from stickiness of lévy processes (Note that the stickiness of Lévy processes follows from Guasoni [10] ). 
) has positive probability. On A 1 , we have
This completes the proof.
is not a semimartingale; see Theorem 72 on page 221 of Protter [16] . However, X t is jointly sticky thanks to Proposition 2 and Example 1.
The following corollary extends Proposition 1 in Bayraktar and Sayit [1] .
is jointly sticky, then for any real valued continuous function g :
is sticky (see Guasoni [8] and also Bayraktar and Sayit [1] for the definition of stickiness).
3. An Example of Jointly Sticky Processes: fractional Brownian motions.
Originally when fractional Brownian motion was proposed as a possible noise source to model long memory in financial markets, it was quickly realized that continuous-time models based on it exhibit arbitrage opportunities in frictionless markets when trading is allowed in continuous time:
see Rogers [17] . From the subsequent work of Patrick Cheridito, we now know that this arbitrage in these models can be avoided by simply assuming that tradings occur discretely as long as there is a positive deterministic waiting time between any two consecutive trading dates, see Cheridito [5] .
When one includes proportional transaction costs, only bounded-variation strategies are allowed; one can then ask if arbitrage strategies with fractional-Brownian-driven models can be excluded with a weaker assumption than that of discretizing trades entirely. For a single fractional Brownian noise, a positive answer to this question was obtained by Guasoni in 2006 ( see Guasoni [8] ): no condition beyond proportional transaction costs is needed.
In this section, we extend this to multidimensional fractional-Brownian models. Specifically, we prove that the process B t = (B [(t − s)
where
Let
and F B t be the natural filtration of B t .
It is clear that
Brownian motion with respect to 
Proof. Without loss of generality, we assume that B H i t , i = 1, 2, · · · , d are defined in the probability space (Ω d , B d , Q) by the Riemann-Stieltjes integral (11) . For any stopping time τ of F B , let
for each 1 ≤ i ≤ d and for any ǫ > 0. To show the joint stickiness of B, we need to show
We divide the proof of (13) into three steps.
and let B
1 and B
2 be the σ−algebras generated by the cylinder sets of Ω (i) 1 and Ω
1 , · · · , ω
1 ) in the following). Also, it follows from Theorem 6.16 of Karatzas and Shreve [13] 
and for each ω 2 = (ω
Then, from (14) and the definition of τ ′ , it follows that
Define
τ -measurable and π 2 is independent of F Ω d τ , from Proposition A.2.5 of Lamberton and Lapeyre [15] , for almost every ω ∈ Ω d we have
. From (15) and the definitions of C i and A τ,ǫ i , it is clear that
(C) We will show that φ(ω 1 ) > 0 for each ω 1 ∈ Ω 1 . To see this, note that the random variables
are independent for each fixed ω 1 ∈ Ω 1 (this follows from the independence of the Brownian motions π
2 ω, i = 1, 2, · · · , d and the definitions of H i t ). Therefore, we have
Now we look at the case that τ ′ (ω 1 ) < T . It was shown in Guasoni [8] (see also Guasoni et al. [10] and Cherny [6] ) that t 0 (t − s)
2 ω also has full support in C[0, τ ′ (ω 1 )]. Therefore, B ǫ i (ω 1 ) has positive probability for each i. This shows that φ(ω 1 ) > 0 for each ω 1 ∈ Ω 1 . Now, the result follows from (16) . This completes the proof.
Joint stickiness and time changes .
In Section 2 we showed that bounded variation trading strategies with proportional transaction costs are arbitrage-free, if one assumes a positive probability for all assets to stay constrained from any stopping time to any fixed horizon (joint stickiness). In this section, we show that this joint stickiness assumption is robust, since it is preserved under any non-anticipating time change (this is point (ii) in Proposition 4 below). This means that, short of allowing strategies to anticipate on the future (as in using insider information), markets with random trading times are arbitrage-free if the original market is arbitrage-free because of its joint stickiness. Point (i) in the next proposition is a convenient characterization of joint stickiness, which is useful in proving the main time-change invariance of point (ii).
Proposition 4. Let X t = (X 1 t , X 2 t , · · · , X d t ) be a continuous process adapted to the filtration F. Let V t be a time-change (i.e., V t is a nondecreasing continuous process such that for each t, V t is a F stopping time). Then we have the following (1) X t is jointly sticky with respect to F if and only if for any stopping time τ ≤ T of F and any δ > 0, the stopping time τ 1 = inf{t ≥ τ : |X i t − X i τ | ≥ δ, 1 ≤ i ≤ d} ∧ T satisfies P (τ 1 = T |F τ ) > 0 a.s. (2) If X t is jointly sticky with respect to F, then the time-changed process Y t = X Vt∧T = (X 1 Vt∧T , X 2 Vt∧T , · · · , X d Vt∧T ) is jointly sticky with respect to the filtration G = (G t ) t∈[0,T ] , where G t = F Vt∧T .
jointly sticky for the filtration (F t ) t∈[0,M ] . Then, from part (ii) of Proposition 4, we conclude that X t is jointly sticky with respect to (F νt ) t∈[0,T ] .
